QUAID-I-AZAM UNIVERSITY
DEPARTMENT OF MATHEMATICS
M.Phil. Admission Test Fall 2010

Time: 90 minutes

Diated: 18-08-2010 ,

MNote: Section | i compulsory, Section I is Tor Applied Mathematics and
Saction [I1 for Pure Mathematics candidates.

Use separate page for each question.

- Section 1

Q. 1. If0 < a=<h determine Lim (%J

A gy u™ =
1
Q. 2. Compute the integral or prove iis divergence '!|: \.-'_Tdﬁ

Q. 3. a) In the group (T — {0}, -} mention an element with order n,

b) In the group (€ — {0}, ) mention an element with order oo,

&) When a group is of Anile order?

d} Give an example of a multiplicative group with order 8§ containing o prime
feld with 3 elements.

e) Establish an isomorphism betwesn the grovps (B, +) and [RY -],

Q. 4. Let X # dandzg e X Showthat T={XJU{AC X :zgg A)
farms a topolegy on X

Q. &8 Soive =%y +a(l+3%y =0

Q. 6. Let T hen |I:I'l'Eﬂ.I operator on B° defined by Tz, v, ) = (2y + =,5—
4y, 3x). Find the matsix of T in the basis {{1,1,1},(1,1,0),{1,0,0))-

Q. 7. Define & conservative force. Prove that the work dune by such & force
around & closed loop 15 zero. 1s the converse true?

Q. 8. Let C denote:-the circlt |z = 1, takew in the positive sense. Evaluate
the integral [ explz + 1)da.

e,
C). 9. Find the Arst fundamental form of the surface:
x = {3{cospsin ), I(sm¢sind), 3{cosb)} D=8 <wl<d<2m
Q. 10. Find the contracted tensor components of Fy', where

F“—Aﬂaband;t:;#[é 3] B = [1_3 iy E]

Q. 11, Show that ( J[e ]- E"Rf'?ji = g=,

Q. 12. Solve 5:—, fu.o<z<ont>0
uftl=4,t = {J
ulz, =10, 0<z<cc
w and % bath tend to gero when o — og,
(. 13, Let T : N — M be asurjective bounded and linear operator from a
normed space NV to a normed space M. Il there exists a positive real number &

such that ||[Tz|| = bzl for all z € N, then T~ exists and is bounded.
L]
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Section I1

i
Q. 14. Find the solution of Sinz= [e™tu(t)d!.
[}

0. 15, Is the motion u = ;-;%-;,I-‘ = ;%g',w = () kinematically possible
for an incompressible fuld (& is constant ),

Q. 16, Wreite the Lorentz transformations gs a rotation about a fixed axis,
hence prove that the Lorsotz transformations form a rotation group (Lorentz
-Poincare proup).

Q. 17. Let A be an operator such that for & state vector |¥) ;

|Er}='2i [+ =30y + |-},

Al = 3[+} +[0) —1f-]). B

Find the matrix and outer praduct representation for A In basis {|4+),(0) ,|—)}.

€. 18. Derive equation of motion for isctropic elastic medium.

). 18. Derive wave oquations for tonducting medium in tormas of electric
and magnetic fields

Q. 20. Use Picard's methad to approximate (0.1} given that 2% = 1+,
#{0) = 1. By performing four iterations,

Section IIT

€. 21. Lev H be a Hilbert space and A € H, Then {I]L = 4+

0, 22, In how many ways can T bovs and 2 girls be lined up ln a row such
that the girls must be separated by exactly 3 boys?

Q. 28, a) Prove that 5 ~ 2.,

k) Verify that F™ is an algebra over the held £

c) For field F overify that if & < n be positive integers; then

0 — F* 2 pr 8 prek L0 is short exact sequence aof F-aipebras,

[Hint show that Ime = kee£) (3+3+4)

Q. 24. a) Define a linear code.

L} In short exact sequence of fy-spaces

0 — &k — EF — Z37% — [ explain the code is linsar subspace of Z5 having
dimension k but each code vector has n digits,

e} What is a cyclic code? .

d) Code described in (b} has a specific name, explain, {24+34+2+3)

(). 35, Show that relract of a projective module is projective.

Q. 26, Show that ouler measure of an interval is its length.

Q. 27. Prove that evory actlon gives rise to s permutation representation

L]

and viee verga,

Good Luck
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Section |

Q.1. Prove the Bernoulli's inequality

fz>—1 then (142" = 1+nz foralln e N,

G.2. Examine the convergence of the infinite series

¥ i Tt & .
1-'_{_-1.1; T m—!-{]ﬂ}j-:"-i-...

€.3.° Show that intersection of two normal subgroups ig ngain o normal
subgroup. Give anexample to show that union of two subgraups need not to
bo a mihgronn.

Q.4# (i) Prove that a metric space s a topological space.

(ii)-" Give an example of a topological space which is not a metric space, - 1047

Q.5. Find the general solution a

-

. Y e Ty =0

0.6. Find the dual basis of the following basis ofRY: {(1,-2,3),(1,—1,1),{2, -4, 7)}.

€Q.7. Given that the velocity of a particle in rectilinear molion varies wich '
the displacement z according Lo the equation # = br~? where b is a positive
constant. Find the force acting on the particle asa function of = '

Q.E.‘-"’ Show that the given function u(z,y) = 7.2 # 0is harmonic.
Find the corresponding conjugate harmonic function v{z, y) and construct the
analytic function'f{z} = u + . '

Q.9. (a) What is the rank of the tensors representing: .

(i) A straight line (ii) A sealar (i) A metric on a sphere having unit cadius

(L) Find the contracted tensor components of Fy', where Fif= Aﬁfl'f, and

|0 2 s T . =14
a-(3 L] om-[% 5t 7

e
Q.10. Apply the Simpson’s formula to compute the integral of sinz
between 0 and 3 from the values provided in the following table:

B S

S ﬁfe; Dﬁf@?%
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‘-'-" 0 i | -I'!':L l =it
| sinz | 0.00000 0.25553_1 080000 |__E.II;?I'JT1]. | O.8Gcd | 09683093 | 100000

LA - |
|

[ i

-

1T
1z

L]
r,:|

=

0.11. Consider the circular helix
afs) = (roosws, rsinws, ws)

: S L : gy ; T —
where w = FEIR Is o a unil speed cupve? Compute the Frenet-Serrot
apparatus for the helix.
sint Q=t<Il
.12 Find the Laplace transform of f{i) = { 0 t>TII 2

)13  Show that a convergent sequence in & metric space s bounded, -

Section 11

.14, Use Simpson's }i rule to find the value of _,I’;,.inc sinz dz. Compare
the result with exact solution,

.15,  In a two dimensionzl incompressible Sow the Auid velocity compao-
nents are given by & == —dy, v = —y — 42, Show that the How satisfies the
continuity equation and obtain the expression for the stveam funetion. If the
flow is of potential kind, obtain &lso the expression for the velocity potential

.16, Solve the intepral equation

' uiz) = mnw + ¥ 7 cos(z — Hultide

.17, Prove that a displacement vector ° can be writien as
T= it =T whera(p-F =10

.18,  Write down the Maxwell's equations for homogenous isotropic and
sourco-free medium. Also explain the terma thelr [n. What are the constitutive
relations,

.19,  Using Dirac bra-ket algebra show that cigenstates corresponding
ta two distinet eigenvalues are cethogonal, Is the converse also true? Give an
exarmple.

;- Q.z20. An initial frame F bas coordinates (4, z,y,2) and frame F’ has
coaordinates (¢, 2,3, 2}, where F' is moving relative to F at speed 0.92¢ along
the common 2 — 2’ axis and the origins, Coinciding at ¢ = ¢ = 0. If z = 100m,
3y =10m, z = lm at t = § x 107 %secs, find the coordinates ¢, =, ¢, 2¢in F',
{Hera c i5 the speed of light]. :

Section 11T 0
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Note: Section I is compulsory, Section 11 is for Applied Mathematics and
Section IIT for Pure Mathematics candidates.

Use separate page for each question.

Section I

Q.1.  Prove that V2 is an irrational number,

Q.2.  Define Riemann integral and show that every constant function on
la, b] is in Ria, b].

0.3. Let & be a group of order 15. Show that every Sylow subgroup of

Gis nurf;_ua[ in . . :
4. Solve 8= L8 _coswt, 1€ <00, 0<t <00
Jz er gt
u(l, t) = 0, u is bounded as x — oo 2 (x,0) = u(z,0) =0,

Q,5.  Solve the following differential equation

(427" +{z+ 20 +y=0

e ¥

.6, 'Le!:z‘lz{[ * E J:I.y,:{zﬂ}.undﬂ={[ X :'; J :z,y(—.‘-ﬂ}
i o4

= w
What type of elements doss AN B contain,

Q.7.  Find the residues at all the singular points of f{z) = ﬁgf—n;

Q.8. Let A,y be a symmetric tensor and By be askew symmetric tensor,
Work out the number of independent components of these tensors in 2 and 3
dimensions.

0.9, Prove that a metric space is a topological space. Give an example
of topological space which is not a metric space,

Q.10.  Find an approximation to 25 correct to three decimal positions
using Regula falsi method. Perform only three iterations.

Q.11. Find the equation of tangent plane of the helix = — (cost, sint, t)
ati=%,

Q.12.  Given that the velocity of a particle in rectilinear motion varies
with the displacement = according to the equation = f'g where b s a positive
constant, find the force acting on the particle as a function of z.

Q.13.  Let (N, |,]l) be & normed space and (rn) be a sequence in I such

be subspaces of V' = txye s, w EC ), Show that V = 4 4+ 5.

that || wniy — 2, (< 53¢ Then (z,) is a Cauchy sequence.

Ay (o

£ b
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Q.21 If / is any commutative ring we define GL{n ) to the group of
units of the matrix ring My (&) in particular, GLin; £) is the group of % n
matrices with integer coeflicients whose inverses also have integer coefiicients.

{i] Show that GL(2,Z) = {A € Ma(Z) : det{ 4] = %1}

(ii) Let A be an element of finite order in GL(2, Z). Show that ord{A) is
1,2.3,4 or 6.

Q.22. If the random variables & and ¥ have the joint probability densily
function given by fy ¢ Ly} =r+y O<oe=<1l 0<y=<1 cileuldle the
probahility P[X < ¥). '

Q.23 Let T+ Il — Hand W : H — H be bounded linear operators on i
mmf:lE{Hi[btrt space H and § = W*" 1 W. Show that If T is self adjalnt sl
positive, sois 5.

Q.24.  (a) Indicate true or false for a conunutative ring B with identity,

i) Every ideal in f1 is & subring of A.

ii) Every maximal ideal is prime ideal in A

ti) &P is an integral domain & P is prime deal.

iv) & is principal ideal domain.

v} &, is & finite field <« nis prime integer.

(b) Choose the correct one

A B C
i) 14+ z+2* has roots in Zg roots in Zy neithar
iy ExEis integral domain field neither
i) ExRis field integral domain neither
frr] E{.’f] iga fisld not & ring noithar
v] XR[X] is ... ideal in R[X] Nil trivial GHATES

0.25. Pind & relationship between ker [T and Im & for the sequences of
homomorphisms of E-modules,

o225z 8 8070

i)0— 22 e DEnt g nsk

ffo-zighg-o

iv) 0— XR[X] S Rx]ER—0

Vo—ZLZegl 229 g .

£.26. Show that an abelian group A s divisible if and only if 4 15 injective

as -module.
o 5 7 Show that unien and intersection of two measurable sets 15 a

measyrable ot



Section T11

.14, Solve ﬁ =g with y(0) = 0, y(2) = 3.627 using finite difference
approximation and compare the result with exact solution.

Q.15. (a) Differentiate between body and surface forces.

(b) The velocity components in z and y directions are given as

s ﬁ_raﬁ _ 2l ow =3 - ?ﬁiﬂ Indicate whether the given velocity
distibution is

{i} a possible field of Oow.

(ii} not a possible field of How,

Q.16. Solve the following integral equations

u(x) = A f; (cos® z cos 2t + cos Iz cos® tu(t)dt.

Q.17. Derive Hooke's law for homogeneous isotropic elastic hodies.

Q.18.  For the case of electromaguetic phenomena in free space, what is
the law that electric field E must satisfy.

00.19. Give the time dependent Schrodinger equation. State it for a linear
1D harmonic oscillator to caleulate its eigen enerpics and eigen states.

Q.20. A rod of rest length 10 mnoters move at half the speed of light
parallel to its direction of metion. What will be its length according to an
ohserver which is at rest relative to the rod,

Section II1

Q.21. Let @ denate the group of rationals under multiplication, K =
{1,—1}and H =<1 > Then HK = {hk:he Hand k€ K} = (£h:he
H}={£(3)" : forall v € Z}.

Show that H/H 1 K is isomorphic to KKK,

0.22, Lot R be a commutative ring with identity. ‘

(i} Define a prime ideal and a primary ideal of .

{it) Prove that a prime ideal is also a primary ideal.

(iii) Give two examples of primary ideals in £ which are not prime ideals.

.23, Let A and B be closed subspaces of a Hilbert space if such that
AL B Then A+ H is a closed subspace of H.

Q.24. (i) Prove or disprove that quotient ring of an infinite ring is infinite.

(ii) Prove or disprove that quotient ring of an integral domain is an integral
domain,

Q.25. Show that the p.d.f. of a normal random variable integrate to one.

Q.26. Show that a free module is projective.

Q.27. Show that the Lebesgue outer measure of an interval is ith length,

e (ef G
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QUAID-I-AZAM UNIVERSITY

DEPARTMENT OF MATHEMATICS

Test for M. Phil. admission spring 2008

Time: 9:30 a.m. to 11:00 a.m.

Dated: 4-02-2008.

Note: Section I is Compulsory, Section II is for Applied Math-
ematics Candidates and Section III is for Pure Mathematics Candi-

dates.

Section I

0.1, Ewvaluate the following integral
fot Jr:; 23 sinf{y?)dy dz.

Q.2. Let 4(s) be a unit speed curve in ®B? such that k;_"- 0i= a
constant and 7= 0. Then Prove that g(s) is a circle of radius 1.

0.3. Define moment of a force. Find at any time ¢t the moment of
the force F = t{+t%j + (2t — 1)k acting on a particle of mass m whose
position vector relative to an origin O is given by r=2i+37 - —§k

Q.4. Find the contracted tensor components of Gf, where G} =
ASBS and A5 = [ % ],Bg:[ > ]

Q.5. a) Determine residue of f(z) = R:T”

b} Determine the number of zeros, counting multiplicities
of the polynomial 22 — 62 + 2+ 1 in the annulus 1 < Iz} = 2.

Q.6. Let & beagroupand N <&, K < G such that ¥ o K. Then
Provethat K / N a G/ N.

Q.7. Show that in a normed space every convergent sequence is
bounded. Give an example to show that converse is not always true,

Q.8. a) Verify that Q@ R is a vector space over the field Q@ hut
not a vector space over K.

b) What are the dimensions of quotient spaces !%‘E and %l-
c) Define algabra and division algebra.
.9. Let X be a non empty set and =¥ consists of empty set and
all those subsets of X whose complement is finite, Show that & is a
topology on X.

Q.10. Evaluate ffuq cost dr by using Simpson's ; rule for n = 6.

Q.11. Solve y =2y +y=10e"2%cosz by the method of undeter-
mined coefficients — Annihilator approach. .

Q.12. Show that the function f(z) defined as follows

()
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£s) = { 1 o isrational

0 g isirrational

is nowhere differentiable. What can you say about the integrability
af this function.
Q.13. Solve

'|’."_1

s:=kg,§9h ggzeced, t>0
u{0,t) =10, i =0,
w(z,0)=flz), 0<z<0

=1

and u, %, both tend to zero as z—+ 00,

Section 11

Q.14. A velocity fleld is given by u= 3z%, v = 2z, w = 0 in arbitrary
anits. Is the flow is steady or unsteady? Is it One, two or three
dimensional? At (r,1,0)=(2, 1,0) compute the total acceleration,

GQ.15. Calculate the energy pigenvalues and pigenstates for & one
dimensional harmonic oscillator.

Q.16. State the two basic postulates of the special theory of
relativity, Use them to deduce the Lorventz transformation between
coordinates (z,y,z.t) and [z'.y‘,z',t'] for unlform relative velocity v
along the r-direction.

Q.17. The Lagrangian function describing the dynamics of a par-
ticle is given by L = %I{f]f+ af— %l:q'L+ g). Find the Hamilten equations
of rotion for this system. © B == ;

Q.18. Find the resolvent kernel to solve the following equation

ulz) = flz)+ Ay ¥ tu(t)de.

Q.19. U Runge-Kutta method of fourth order to solve
y =Tl + v, y0)=1 For (0.1}, ) )
Q.20. Write the Maxwell's equations for glectromagnetic medium

and explain all relevant terms.

Section 111

Q.21. Prove that a group of order 15 is not simple.

Q.22. Eﬂz:j!flﬂl' ¥ — R? be an inner product space and let M =
{(1,2)}. Find }

Q.23. Let A bea commutative ring with identity and I be an
ideal in K. Prove that A/ is an integral domain iff [J is prime ideal.
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Q.24. Indicate trus or false
a) Every module is a vector space.
b} Every vector space is a module.
c) An additive abelian group is a module over Z.
d) An additive abelian group is a module over Q.
e} Every primary ideal of a commutative ring R with
identity is prime ideal.
.25, Show that every free module is projective.
0.26, Show that outer measure of an interval is its length.
Q.27. Show that if Pla<z <8 =1 then a< E[z|< b

GOOD LUCK
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